Practice Problem for Midterm #3, Math 1502

1. Find and simplify the following determinants:

10 5 1w a 1 2
a)| 1 -2 -1 b)‘ ' c)la 2 -1
3 -1 2 vy a -1 2
1-A 0 5 PO
d) 1 —2-x -1 9o o0 3 4
3 1 2-2A 0 0 0 3

2. Find the characteristic polynomial, eigenvalues and eigenvectors of the following matrices:

a)<_92 47) b)(1221> C)<§é>

—_

0 32 i13 g 1 0 1 111
d) . ey 0 1 -1 )l 2 2 2
00 34 5 -1 2 3 3 3
0 0 0 3
3. Find the inverses of the following matrices, if possible:
1 1 5 2 1 -1
a)(% %) b)<;§> ol 3 2 1 )l 1 2 1
) 2 1 -2 30 -2

4. Find the basis of the kernel and the column space of the following matrices and determine their
rank.

31
1 4 1 0

a)132:31 w2 43 4 ol 12

2.6 1 -2 4 2 1

2 3 5 2 P

5. Find the dimension and a basis of the following subspaces:

1 4 3
a) Thespanof [ 6 |, | -1 | and | 4
-2 3 4

b) All vectors 2 in R* with 1 + x2 + 23 + 24 = 0. (Hint: Think of this as a kernel of some

matrix A).



x1

c) All vectors T2 in R? with 21 + 22 — 323 =0 and 21 — 22+ 223 =0 (Hint: Think of this as
T3

a kernel of some matrix A).

6. Diagonalize the following matrices, if possible:

= O N
O = O
N O =
o,
~—
o O
oS O O

1 4 1
a) ( ; _62 > by 0 -4 3 c)
0 0 2

coowN
coro
S dn
do

7. True or False. No partial credit.

(a) A singular matrix always has determinant equal to zero.

(b) Any 4 x 4 matrix has 4 distinct eignevalues.

(c) Eigenvectors of any 6 x 6 matrix always span R®.

(d) A 2 x 6 matrix must have kernel of dimension at least 4.

(e) If a 5 x 7 matrix has kernel of dimension 2 then its column space is R>.

(f) Any invertible matrix has kernel of dimension 0.

(g) For any invertible matrix A, the determinant of A~! is equal to ﬁ.

(h) The difference of any two vectors in a vector subspace is also in the vector subspace.
(i) If u is an eigenvector of A then —u is an eigenvector of A.

(j) If X\ is an eigenvalue of A then —\ is an eigenvalue of A.

(k) If u and v are eigenvectors of A corresponding to the same eigenvalue A, then u+ v is also
an eigenvector of A.

(1) If u and v are a basis of 2 dimensional subspace V', then u+ v and v are also a basis of V.
(m) Any basis of a subspace must have the same number of vectors in it.
(n) If u is an eigenvector of A then u is also an eigenvector of A~
(o) If A is diagonalizable then A~! is also diagonalizable.
(p) If rank of A is 1 then all of its columns are multiples of each other.
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(q) Any matrix with distinct eigenvalues is diagonalizable.

8. Find all numbers h so that the following matrix is singular:

h 0 2 Lo h+5 1 -1
a) 1 h 1 b)<1h2> o) h+4 0 1
1 3 1 h—3 3 1
9. Construct a matrix with the following properties:
a) 2 X 2 matrix with eigenvalues \; = —1 and A9 = 1, and corresponding eigenvectors u; = ( ; )
and ug = < _01 >
b) 3 x 3 matrix with eigenvalues \j = —2, A = 0 and A3 = 1, and corresponding eigenvectors
1 0 0
u; = 2 , Ug = 1 and ug = 0
-1 0 1
10. Let T : R® — R" be a linear transformation and let x1,x2,...,Xx, be a basis of R”. Ex-

plain why the vectors T'(x1),7T(x2),...,T(Xn) determine T'(v) for any v in R™. If the vectors
T(x1),T(x2),...,T(xn) span R™, explain why the matrix of T is invertible.

11. a) Let A and B two n x n matrices. Suppose that AB is singular. Explain why either A or B
must be singular.

b) Suppose that A is an n x n matrix such that A? = I. Explain why all eigenvalues of A are either
1 or —1. (Hint: look at what happens if Ax = Ax with A not equal to 1 or —1).

c¢) Suppose that A is an n X n matrix with columns vy, ..., vy,. Let e; be the vector in R with 1
in i-th entry, and 0 in all other entries. What is Ae;? Find A~ lv;.

d) Explain why all eigenvectors of a matrix A that correspond to the same eigenvalue, form a vector
subspace.



